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We examine the possibility that the gravitational contribution to the entropy of a system can 
be identified with some measure of the Weyl curvature. In this paper we consider homothetically 
self-similar spacetimes. These are believed to play an important role in describing the asymptotic 
properties of more general models. By exploiting their symmetry properties we are able to impose 
significant restrictions on measures of the Weyl curvature which could reflect the gravitational 
entropy of a system. In particular, we are able to show, by way of a more general relation, that 
the most widely used "dimensionless" scalar is not a candidate for this measure along homothetic 
t trajectories. 
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I. INTRODUCTION 



Twenty years ago Penrose [jjj proposed the Weyl curvature hypothesis (also known as the Weyl tensor hypothesis) 
which requires that the Weyl tensor is zero at the big bang [Q. It was expected that this condition would imply a 
subsequent evolution close to a Friedman-Robertson- Walker (FRW) model. The hypothesis is motivated by the need 
^ ■ for a low entropy constraint on the initial state of the universe when the matter content was in thermal equilibrium. 
lO ' Penrose has argued that the low entropy constraint follows from the existence of the second law of thermodynamics, 
and that the low entropy in the gravitational field is tied to constraints on the Weyl curvature. Presumably, this 
constraint is a consequence of quantum gravity. 

There is evidence that the requirement that the Weyl tensor is zero at the big bang is too strong. For example, in 
polytropic perfect fluid spacetimes Anguige and Tod [|| have recently provided uniqueness results that show that if the 
Weyl tensor is zero at the big bang, the spacetime geometry must be exactly FRW in a neighbourhood of the big-bang 
in accord with the FRW conjecture 0. Nonetheless, the motivation for some form of the Weyl curvature hypothesis 
remains. From a thermodynamic point of view, whereas the big bang would normally be considered a state of maximum 



entropy (assuming approximate thermodynamic equilibrium), there is every indication that the entropy of the universe 
^Jy is increasing. It is only natural to expect that this apparent paradox may reflect the omission of gravitational degrees 
of freedom when in fact the gravitational entropy of the big bang was, in some sense, low. Increasing gravitational 
entropy would naturally be reflected by increasing local anisotropy, and the Weyl tensor reflects this. As a consequence, 
the identification of a measure of the Weyl curvature which reflects the gravitational contribution to the entropy 
may be considered a fundamental step towards a deeper understanding of general relativity even if the Weyl tensor 
wasn't exactly zero initially. To put it differently, whereas spacetime is usually defined as a connected time-oriented 
four-dimensional Lorentz manifold, in practice time-oriented is weakened to time-orientable ||. We do not have a 
fundamental construction which determines the future direction in spacetime. A purely gravitational entropy would 
provide such a construction. Whereas one might argue that gravitational entropy is restricted to some average in 
cosmological spacetimes, neither the averaging procedure nor the concept of "cosmological" is clear. 

In an attempt to be somewhat more precise, to begin consider a scalar field P (x a ), constructed from the Riemann 
tensor and its covariant derivatives (equivalently the metric, its inverse and partial derivatives to arbitrary order), 
and a (smooth) timelike trajectory x a (r) with (unit) tangent u a . We call P (x a ) a measure of "gravitational entropy" 
( alternatively the "gravitational epoch") if it is monotone along timelike trajectories while providing some measure 
of local anisotropy. The "future" is determined by the choice 
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We take the view that there could be several distinct fields P (x a ) with a claim to be the "gravitational entropy" . Then 
again, it may be that no suitable P (x a ) exists. The search for a gravitational arrow of time, within this formulation, 
reduces to a search for the scalar P (x a ). This search can be simplified in a number of ways, including restrictions 
on: (i) spacetimes for which (|J) is expected to hold, (ii) the trajectories x a (r) along which the evolution of P (x a ) is 
allowed to be measured, and (Hi) the construction of P (x a ). Here we start with the view that a purely gravitational 
entropy should exist in all non-conformally flat spacetimes. This is the only restriction we place on (i). 

It is clear that some restriction of type (ii) is necessary since, for example, no development of a purely gravitational 
entropy can be expected along the Killing trajectories of a stationary spacetime. It is the purpose of this paper to 
explore how this restriction generalizes to homothetic trajectories in self-similar spacetimes. As a special case of a 
more general result, we will show how the evolution of a scalar field P (x a ) behaves along homothetic trajectories in a 
self-similar spacetime. In particular we show that any "dimensionless" scalar (as defined below) has no development. 

As regards restriction (Hi), a first step is to construct P directly in terms of elementary scalars derivable from the 
Ricmann tensor without differentiation. The relation between gravitational entropy and anisotropy could be reflected 
by (0) if the Weyl tensor, in some sense, dominated P. Indeed, the simplest choice is || 

P=C a p*C* af> (2) 

where C a p 1 s is the Weyl tensor. It is known that this choice for P fails at isotropic singularities |Q and fails to handle 
both decaying and growing perturbation modes Q . The "dimensionless" scalar 

K a K f3 

where R a p is the Ricci tensor, satisfies (|l|) near an isotropic singularity |Q and produces the correct dependence for 
both growing and decaying modes ||. However, Bonnor M has also argued that (^) fails to give the correct sense of 
time for a radiating source. 

In this paper we show, for example, that (|^) is not an acceptable candidate for gravitational entropy along the 
homothetic trajectories of any self-similar spacetime. Nor indeed is any "dimensionless" scalar. Our arguments 
exploit the symmetry properties of homothetically self-similar spacetimes. These calculations are of physical interest 
since self-similar spacetimes are very widely studied ]To| and are, for example, believed to play an important role in 
describing the asymptotic properties of more general models. The paper is organized as follows: After a review of 
background material, we present a general result from which our investigation of invariants follows. This is followed 
by a discussion regarding restrictions and alternative choices for the construction of a gravitational entropy. 

II. BACKGROUND 

A four dimensional manifold M, with a metric g admits a homothetic motion if there exists a global vector field £, 
such that 

^g a /3 = tygap, (4) 

where L is the Lie derivative and <p = V Q £ Q is some nonzero constant JTT| f[^ ]. Here we call a spacetime self-similar if 
the vector field £ is timelike. We are interested in invariants (J) constructed from the Riemann tensor and its covariant 
derivatives (equivalently the metric, its inverse and partial derivatives to arbitrary order). It is convenient to build 
these out of the trace-free Ricci tensor (Sp = Rp — jSpR), Weyl tensor {C a p lS ), and the dual Weyl (C*^ 7 " 5 ) tensor 
p3[ . We introduce two definitions: The degree of an invariant I is the number of multiplications that are involved in 
its construction, and, the order of an invariant / is the largest number of derivatives contained in one of its factors. 

Since L and the covariant derivative V a commute iff L^T 7 ^ = pd| ], and since homothetic motions are a subset 
of affine collineations, we can interchange the Lie derivative and the covariant derivative freely. Conversely L and V" 
do not commute, an extra term arises. Therefore the Lie derivative of a differential invariant involving V" along a 
homothetic vector field will have extra terms with respect to its non-differential counterpart (see below). From (^) it 
follows that 

LfSg = -24>St (5) 
^C a p^ 5 = -2cj>C a p"< 5 , (6) 



2 



and 

If there exists a homothetic vector field £ then it follows that any tensor T ai '" Qi a 4+ i-"a< constructed from the metric 
tensor via covariant/contravariant derivatives, partial derivatives, and/or contractions will necessarily have the form 

U(T^-^ ai+1 ... aj ) = kcPT^-o* 04+1 ... aj , (8) 

where k is an even integer (see below) . As a consequence, every time an index is lowered 

K^K + 2, (9) 

and every time an index is raised 

(10) 

Since invariants / are characterized by having a conservation of covariant and contravariant indices, whenever an 
index is lowered on an invariant one must necessarily be raised. Therefore the effect of @ and ( ^o|) is nullified, and 
so k is well defined for I. Moreover, this observation implies that when dealing with the Lie derivative of invariants 
along homothetic vector fields, without any loss of generality one can choose to forget about the indices. For example, 
using @ and @ one can immediately write from (H): 

L^C Q/ 3 7 5 = 0, L^C Q /3 7 «5 = 24>C a f3y5, L^C Q p y s = 0, . . . (11) 

The Lie derivative of a tensor with i contravariant indices and j covariant indices will have the same coefficient n, 
irrespective of the labels of the indices, and the position of the indices. 

Consider a tensor T = T ai "' au i a „. + i— a„ with Ui contravariant indices and di = n — Ui covariant indices, such that 
L^(T) = n(j)T. Then, different index configurations will map 

k i— > k/ = k + 2(ui — Ui/) (12) 



where the number of contravariant indices maps from u, ^ Uil. Using (|12|) one can simply write the possible range 
of k> as 

k - 2di < Kf < k + 2ui. (13) 
The non commutativity of L and V" is illustrated if we consider some tensor T of arbitrary rank. Then 

L C (V Q T) = V Q L e (T) - 2(fN a T. (14) 
Generalizing to order m, with j contravariant derivatives and m — j covariant derivatives we have, 

L C (V 01 "- ' a 3 + 1 -a m T) = V 01 -°^ a J + 1 ... a MT) ~ 2.,oV" a ] + 1 -a m T. (15) 

Using (|l5|), we have the following result: 

L 4 (T) = (16) 

for some natural number k, if and only if 

t S (V ai - a ~ are+1 ... Qm T)=0. (17) 



Note that the number of covariant derivatives in (|17]) is irrelevant. Again, since homothetic motions are a subset of 
affine collineations, we can write a corresponding relationship to (^) for partial derivatives, by simply replacing the 
covariant/contravariant derivatives with covariant/contravariant partial derivatives. This gives: 

Ld^ 1 "^ a j+1 -a m T) = d a ^ a,:,-a m t<(T) - 2j<j>d a " aj+1 ... 0m T. (18) 

If T is the metric tensor then (0) and © reduce to 

L £ (V 0l "°< „ i+1 ...^ffa/s) = 2(1 - j)0V Ol -°i a 3 . +1 ...a m 9a/3, (19) 

and 

L^""' a 3 + 1 ...a m 5a/3) - 2(1 - j)^"^ a . +1 ... aM . (20) 

Using ( |l9| ) and (^), we have the further result that « in (||) is a an even integer. This raises the obvious question: Does 
there exist an index configuration such that k/ = 0? Using (|l2|), we set Kf = 0, and quickly arrive at the conclusion: 
If the number of contravariant indicies is mapped to u'j = k/2 + Uj, and < u'j < n then n' — 0. Therefore with this 
particular index configuration, L^(T) = 0. 
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III. GENERAL CASE 



Consider a tensor T = V mi Tf I • • • V m "TP" of arbitrary rank, and define a factor of T to be V m *Tf, hence T has 
n factors and the index i characterizes the i th factor of T. Let V mi denote m, derivatives, with /tj contravariant 
derivatives, and rrii — covariant derivatives i.e. V TOi = V ai i'" a "i Q(k+1) ... Qm . . Define Tf' = T\ i ■ ■ ■ T qi ■ ■ -T Pi , so that 
Tp denotes pi tensors multiplied together. A factor of Tf' is some tensor T qi . Associated to every T qi is an integer 
n qi , denoting the coefficient in the Lie derivative of the tensor T qi i.e. L^(T q% ) = —2n qi cf)T qi . We obtain the following 
result: 



Given a homothetic vector field £, and a tensor T — V mi Tf 1 • • • V m "T^™ of arbitrary rank, then 



L 5 (T) = -2 



71 

,i=i 



(21) 



This can be shown as follows: Since Tf' represents pi tensors multiplied together (possibly all different), we can 
write 

Tf' =T u ---T Pi 

so that L^(Tf') = L^(Ti i ■ ■ ■ T Pi ). Now if for some qi, li < qi < Pi we have 
and so 



For the tensor T = V mi Tf 1 ■ ■ • V m "TP™ we have, 



L t (T) = L s (V mi Tf)V m2 Tf • • • V ro "T|" + • • 
... + V mi Tf 1 ■■■Lc{\7 m "T.P" 



(22) 



(V mi £ e (Tf) - 2Ki<?!>V" li rf 1 )V m2 Tf • • • V m "T£" + • • • 
. . . + v mi Tf • • ■ (V m ™L s (T^) - 2n n <j)V m -TP") 



(23) 



V mi £ e (Tf)V m2 Tf • • • V m "TP" + • • • + V mi Tf • • • V^L^T^) 

- 2 ( ) 0V roi Tf ■ ■ ■ V m "TP" 



(24) 



EE 

,i=l g i = li 



0V™ 1 Tf 1 ...V m "TP" -2 



E k< 

.i=l 



(25) 



n 

Eh + ^;= li n * 

,i=l 



^V mi Tf •••V m "TP", 



(26) 



from which we obtain (|l]). 
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IV. INVARIANTS 



Consider an invariant I that is built out of the Weyl tensor and/or dual Weyl tensor, such that Lj(J) = K(j)I. Then 
/ provides a measure of local anisotropy and is monotone along timelike nomothetic trajectories £. It therefore is a 
candidate for providing a measure of gravitational entropy in self-similar spacetimes. 

By taking the trace(T) in (pi]), ( |2l| ) specializes to an invariant built out of an arbitrary number of covariant and/or 
contravariant derivatives, with tensors of arbitrary rank. Given an invariant /, ( |2l| ) reduces to: 



Lf(J) = -2 



n 



<t>i. 



(27) 



Now suppose that Tf' has Ui contravariant indices, and di covariant indices. With the same notation as above, it 
follows from a simple counting argument that 



i=l 



i} = 



(28) 



for / where Ki < m^. Relation (28) provides a constraint on the possible combinations of order (i.e. derivatives) and 
degree, that are allowable in order to construct an invariant. Suppose that V i Ui + di = Si is even |3 , and V i the 
number of derivatives, to,, is odd ps[ . Then a consequence of (^8|) is that there does not exist an invariant /, with 
both odd order and odd degree. 

As a special case, suppose that there exists an index configuration in which n qi — 1 \%. This is the case when 
T qi e{S a P, C af3 T" 5 , C* af] I s }. It follows that 



L £ (I) = -2 



^2 ( K i+Pi) 



</>i. 



(29) 



Even though ( p9| ) was obtained by setting n qi — 1, ( p9f ) will also hold if the weaker condition X^=i n qi = Pi IS 
satisfied. This is analogous to raising an index on T qj , then lowering one on T qk , so that T qi does not necessarily 
have to be sampled from {S a 13 , C a p 7<5 , C*^ 7<5 } with this particular index configuration. Nevertheless, specializing 
further by setting X)"=i u i ~ — Oj which happens to be the case for {S a @, C a p 7<5 , C*^ jS } since itj = Vi, if 
n%i = m V i i.e. all factors have the same number of derivatives, we have y^._ 1 / 



ran 1 2 from ( B8[ ) so that 



Ldl) = 



<t>I. 



(30) 



If we also set pi = 1 V i, i.e. there exist only one tensor in each factor of the invariant, then 

L^(I) = —np<j)I . p = m + 2. 



(31) 



Equation ( |3l|) applies to invariants of degree n and order p. For example, an invariant of degree 2 and order 3 is 
V Q S , ^ 7 V^S'2. We have p = m + 2, where to is the number of derivatives, both contravariant and covariant and 2 
comes from the fact that k in (|J) is even and also that n,- =p, = 1. For invariants built out of {S a 13 , C a p 1& , C*^ 75 }, 
the 2 coincidentally matches the number of derivatives of the metric required to build these tensors. In index-free 
notation, write / = V m Ti • • • V m T„, where V m denotes Ki contravariant derivatives and to — k.; covariant derivatives, 
for the i th factor, and Ti is some arbitrary rank tensor with L^(Tj) — —2rii(f>Ti. If we let N = nj (N is an 

invariant under the operations of raising or lowering indices as in ( |l0| ) and @), then an invariant of degree n and 
order p satisfies 



L 6 (I) = - [2iV + m7i] <j)I. 



(32) 



Observe that if in (32) we take Tie{S, C, C*} V i where this notation is meant to indicate that the indices on trace-free 
Ricci, Weyl and dual Weyl tensors are irrelevant, then N — Y^i=i Ui = n > an< ^ so (H) reduces to (|3l]). Equation (|3l| ) 
holds for all differential and non-differential invariants built from the tensors {S, C,C*}. 

Specializing further, consider non-differential invariants, that is p = 2. Then equation ( |3l| ) simplifies to 



L 6 (I) = -2n4>I. 



(33) 
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Equation ( |33] ) will hold for all non-differential invariants built from {S, C, C*}. Define the dimension d — np. We 
have the useful result: 

Given invariants I\ and I2 built from {S, C, C*} and of orders p\ and P2 and degrees ni and ri2 respectively, 

=-(di-da)0|. (34) 

Relation (p4|) motivates an equivalence relation among invariants: ii ~ Z2 if d\ — d%, so all invariants of the same 
dimension are in the same equivalence class. Two invariants from the same equivalence class satisfy 




so that 1\ and I2 are simply proportional along the homotheticities. For example, if 1\ = V 2 T and I2 = T 2 then 
V 2 T = cT 2 , c = constant, along the integral curves defined by £. The notation used to represent the invariant I\ is 
meant to indicate that it is constructed from two contravariant/covariant derivatives of some tensor T. Similarly, the 
invariant I2 is constructed from the full contraction of two tensors which we denote by T 2 = T1T2. The indicies are 
omitted here, since they are irrelevant. 

A table illustrating the equivalence classes for Lj(J) = — d<f)I = —npcf)I is given below: 



deN 


Order p 


Degree n 


Invariant 


2 


2 


1 


Ti 


4 


2 


2 


TiT 2 = T 2 


4 


4 


1 


ViV 2 T = V 2 T 


6 


2 


3 


T1T2T3 = T M 


6 


3 


2 


V 1 T 1 V 2 T 2 


6 


6 


1 


V 4 T 


8 


2 


4 




8 


4 


2 


V 2 TV 2 T 


8 


8 


1 


V 6 T 



In the table Ti represents an invariant (i.e. the trace of a tensor) built out of second order derivatives of the metric 
tensor. T 2 = T1T2 represents an invariant built out of the contraction of two tensors T\ and T2 constructed from 
second order derivatives of the metric tensor. For example, S^S^. The notation V1V2T is meant to indicate two 
distinct contravariant/covariant derivatives of some tensor T. (The derivatives could be contracted together or with 
the tensor T.) An example of V 2 T = ViV 2 T would be V a V S a p. Since the dimensions of S^Sfi and V a V^S a/3 are 
equivalent, then they are in the same equivalence class as shown. 

It is clear from the table that the ratio of any invariants, from the same equivalence class , say I1/I2, will satisfy PH). 
This implies that I1/I2 is constant along timelike homothetic trajectories. Therefore I\/ 12 cannot be a candidate for 
a measure of gravitational entropy in self-similar spacetimes. Conversely, if I\ and I2 come from different equivalence 
classes and I1/I2 is built out of the Weyl tensor and/or dual Weyl tensor, then this ratio may be a candidate for 
providing a measure of gravitational entropy in a self-similar spacetime. 



V. DISCUSSION 

The scalar (^) is the simplest example of what we have called a dimensionless scalar, since the invariant in the 
numerator I\ — C a ^ S C lS a ^ , and the invariant in the denominator I2 = -R^-Kg have dimensions of d\ = e?2 = 4. As 
a consequence, (|^) does not provide a measure of gravitational entropy along homotheticities. The options available 
for the further study of gravitational entropy include: i) The exclusion of self-similar spacetimes, ii) The exclusion 
of homothetic trajectories for the measurement of P (x a ), Hi) The study of scalars P (x a ) which have dimension, and 
iv) The study of objects more general than scalars for the construction of P (x a ). 

We take the view that i) is untenable (see e.g. |1C(| ). As regards ii), and by reference to stationary spacetimes 
(4> = 0), it may well be that ([!]) holds only for some timelike trajectories and in the limit along at least one. The 
present calculation shows how simple the evolution of P (x a ) is along homotheticities, even if P (x a ) has dimension. 
Whereas the number of possibilities for P (x a ) at order p = 2 is limited (there are but 4 independent Ricci and 4 
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independent Weyl invariants), invariants of order p > 2 offer many more possibilities. By iv) we wish to point out 
that pure scalars (those derivable from the metric, its inverse and partial derivatives to arbitrary order) are not the 
only possibility since, for example, tangent fields could be used in the construction of P (x a ). 

This work was supported in part by a grant to K.L. from the Natural Sciences and Engineering Research Council 
of Canada. Portions of this work made use of GRTensorll JL7] ■ 
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